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1. INTRODUCTION 


Neutrosophy is a branch of philosophy, which emphasizes the origin and nature 
of neutralities, along with their interaction with different conceptive domains. Fuzzy 
logic extends classical logic by assigning a membership function ranging in degree be- 
tween 0 and 1 to the variables. As a generalization of fuzzy logic, neutrosophic logic 
introduces a new component called indeterminacy and carries more information than 
fuzzy logic. The application of neutrosophic logic would lead to better performance 
than fuzzy logic. Neutrosophic logic is so new that its use in many fields merit 
exploration.The words ”neutrosophy” and ”neutrosophic” were introduced by F. 
Smarandache in his 1998 book[23],. Etymologically, ”neutro-sophy” (noun) [French 
neutre < Latin neuter, neutral, and Greek sophia, skill/wisdom] means knowledge 
of neutral thought. Neutrosophic set [24],[25] is a mathematical tool for handling 
problems involving imprecise, indeterminacy and inconsistent data. In neutrosophic 
logic a proposition has a degree of truth (T), a degree of indeterminacy (I), and a 
degree of falsity (F), where T, I, F are standard or non-standard subsets of ]-0 , 1+[. 
A.A.Salama [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] studied the 
various notions of neutrosophic sets. 

In several application it is often needed to compare two sets and we are in- 
terested to know whether two patterns or images are identical or approximately 
identical of atleast to what degree they are identical. Several researchers like Hung 
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[3], Jun Ye [4, 5], P-Majumdar [6], C.Wang[26] and many authors have studied the 
problem of similarity measures between intuitionistic fuzzy sets, neutrosophic sets 
and vague soft sets. In this paper we have introduced some new cosine similarity 
measures for neutrosophic soft sets and derived some of their properties. A decision 
making method based on this similarity measure is constructed.[7], [8], [9] 


2. PRELIMINARIES 


Definition 2.1 ([1]). A neutrosophic set A on the universe of discourse X is 
defined as A = (x,T,4(x),I4(x), Fa(x)),a € X where T,J,F : X — [0,1] and 
0 < Ta(x) + I(x) + Fa(x) < 3 , where T represents the truth value , I represents 
the indeterministic value and F represents the false value. 


Definition 2.2. [1] Let X be a non empty set, and let A = (x, T,4(2), I(x), Fa(x)) 
and B = (a,Tp(x), Ip(x), Fg(x)) be neutrosophic sets. Then A is a subset of B if V 
x € X, Ta(x) < Tp(x),La(x) < Ip(x) and F(x) > Fp(a). 
Definition 2.3 ([1]). Let X be anon empty set, and let A = (#7, T,4(a), I(x), Fa(x)) 
and B = («,Tp(x),[p(x), Fp(a)) be neutrosophic sets. Then 
AUB =< «,maz(Ta(x),Te(x)), max(L4(x), Ip(x)), min( F(x), Fp(x)) >, 
AN B=< «,min(T4(x),Tp(x)), min(La(x),[p(x)), max(F4(x), Fe(x)) >. 
Definition 2.4 ([1]). Let U be a the initial universal set and E be a set of parameters. 
Consider a non-empty set A, A C E. Let P(U) denote the set of all neutrosophic sets 


of U. The collection (F, A) is termed to be the neutrosophic soft set over U, where 
F is a mapping given by F:A—+ P(U).(Neutrosophic soft set is denoted by NSS). 


Definition 2.5 ({1]). A neutrosophic soft set (F,A) over the universe U is said 
to be empty neutrosophic soft set with respect to the parameter A if Type) = 0, 


Ip(e) = 0,Fr(e) = 1, Vx € U, Ve € A. It is denoted by 0. 
Definition 2.6 ({1]). A neutrosophic soft set (F,A) over the universe U is said to 
be universe neutrosophic soft set with respect to the parameter A if Tre) = 1, 
Ire) =1, Fre) =0, Vx € U, Ve € A. It is denoted by 1. 
Definition 2.7 ([1]). A neutrosophic soft set (F,A) is said to be a subset of neu- 
trosophic soft set (G,B) if AC B and F(e)C G(e) Ve € E, u € U. We denote it by 
(F,A)C (G,B). 
Definition 2.8 ([1]). The complement of neutrosophic soft set (F,A) denoted by 
(F, A)° and is defined as (F', A)° = (F'°, A) where F° : ~A —+ P(U) is a mapping 
given by 
F°(a) =< &,Tre(x) = Fp(a), Ipe(a) = 1—- Ip(x), Fre(x) = Tr(a) >. 

Definition 2.9. [1] The union of two neutrosophic soft sets (F,A)and (G,B) over 
(U,E) is neutrosophic soft set where C = AUB, Ve € C 

F(e) ifee A-B 

H(e) = ¢ Ge) ifee B-A 
F(e)UG(e) ifee ANB 
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and is written as (F,A)U(G,B)= (H,C). 


Definition 2.10 ([1]). The intersection of two neutrosophic soft sets (F,A) and 
(G,B) over (U,E) is neutrosophic soft set where C = AMB ,Ve € C H(e) = F(e)NG(e) 
and is written as (F,A)A(G,B)= (H,C). 


Definition 2.11 ([2]). An interval valued neutrosophic set (IVNS in short) on a 
universe X is an object of the form, where T4(a) = X > Int((0,1]), I4(z) = X > 
Int((0,1]) and Fa(a) = X — Int([0,1]), Int({0,1]) stands for the set of all closed 
subinterval of [0,1] satisfies the condition : Vx € X, 


supT a(x) + supl a(x) + supF4(ax) < 3. 


Definition 2.12 ({2]). For an arbitrary set A C [0,1], we define A = infA and 
A= supA. 


Definition 2.13 ([2]). Let U be an initial universe and E be a set of parameters. 
IVNS (U) denotes the set of all interval valued neutrosophic sets of U. Let A CE. A 
pair (F,A) is an interval valued neutrosophic soft set over U, where F is a mapping 
given by F: A + IVNS(U). 

Note: Interval valued neutrosophic soft set /sets is denoted by IVNSS/IVNSSs. 


Definition 2.14 ([2]). Let U be an initial universe and E be a set of parameters. 
Suppose that A,B CE, (F,A) and (G,B) be two IVNSSs, we say that (F,A) is an 
interval valued neutrosophic soft subset of (G,B) if and only if 

(i) ACB, 

(ii) e €A, F(e) is an interval valued neutrosophic soft subset of G(e), that is, for 
allx €U andeeé A, 

Tre)(£) S Tee) (2), Tree) (2) < Teye)(2), 

LF(e) (x) < LG(e) (x), IT p(e) (x) < Tee) (x), 

Frye) (2) = Fae) (2); Pre)(@) = Fare (2): 
And it is denoted by (F,A) C (G,B). 

Similarly (F,A) is said to be an interval valued neutrosophic soft super set of 
(G,B), if (G,B) is an interval valued neutrosophic soft subset of (F,A), we denote it 
by (F,A)> (G,B). 


Definition 2.15 ([2]). The complement of an IVNSS (F,A) is denoted by (F, A)*° 
and is defined as (fF, A)° = (F°,7A) where F’° : =A > IVNSS(U) is a mapping 
given by 

F°(e) =< Pr ey(z), Tre) (x))*, Trey (x) for all c € U and e € 3A, 


where (Ip(e)(®))° = [1 — Lrye)(#), 1 — Trye)(2)- 


3. COSINE SIMILARITY MEASURE NEUTROSOPHIC SOFT SET AND INTERVAL 
VALUED NEUTROSOPHIC SOFT SET 


Definition 3.1. Let U= {21, 29,....... Xn} be the universal set of elements and E 
= {€1, €2,.. €m} be the universal set of parameters. Let (F,A) and (G,B) be two 
neutrosophic soft sets over U. Then we define the cosine similarity measures between 
(F,A) and (G,B) as follows. 
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CS ((F, A), (G, B)) 
> > COs [5 (iZrce.) es) _ Taye;)(#;)|) V (Lr(e;) (25) _ Tee.) (%5)|)V 


ue 
(|Fr(e;) (25) =; Fove:)(£;)|)] ’ 
CSo((F, A), (G, B)) 


= — S° ¥ 08 [7 (ITr(e,)(04) — Faces (0s))) + (Erve (#2) — Toten D+ 


(lFr(e,) (#3) — Fece,)(#s)))] 5 
where the symbol V is the maximum operation. The two similarity measures satisfy 
the axiomatic requirements of similarity measures. 


Proposition 3.2. Let U= {21,%,....... Ln} be the universal set of elements and E 
= {€1,€2,..0 €m} be the universal set of parameters. Then for two neutrosophic 
soft sets (F,A) and (G,B) over U the cosine similarity measure C'S;,((F, A), (G, B)) 
(k=1,2)should satisfy the following properties (1)-(4). 

) 0< CS,((F, A), (G,B)) <1. 

) CS, ((F, A), (G, B)) = 1 if and only if (F,A)=(G,B). 

) CS; ((F, A), (G, B)) = CS,((G, B)(F, A)). 

) If (H, C) is a neutrosophic soft set over U and (F,A) C(G,B)C(H,C), then 


(1 
(2 
(3 
(4 


and 
CS, ((F, A), (H, C)) < CSx((G, B), (H, C)). 


Proof. (1) Since the truth membership degree , indeterminacy- membership degreee 
and falsity- membership degree in neutrosophic set and the value of cosine function 
are within [0,1], the similarity measure based on cosine function is also within [0,1]. 
Thus 0 < C'S;,((F, A), (G, B)) <1 fork = 1, 2. 
(2) For any two neutrosophic soft sets, (F,A) = (G,B) implies 
Tr(e;) (i) = Tere.) (#5). Lrce;)(€j) = Lace.) (#5), Fr(e:)(@i) = Fee, (3) 
for all i =1,2,...m and j=1,2,...n. Thus 


IT (e,)(@ 5) — Tees) (#5)| = Lee.) (@5) — Lace: (@5)| = |Frce:) (3) — Facey (&s)| = 9. 
So CS;,((F, A), (G, B)) =1 for k =1, 2. 
Conversely if C'S;,((F, A),(G, B)) = 1 for k =1, 2, this implies 


ITP (e,) (%j)-Tare,) (4)| = 9, Tere, (@5) Lace, (#9) = 9, Fre, (€7)— Fare, (@3)| = 9 
since cos(0)=1 . Then these equalities indicate 
Tre) (%3) = Tare: (@3)s Lece:) (@3) = Tee: (23), Fre: (€3) = Fave: (25) 


for all i =1,2,...m and j=1,2,...n. Hence (F,A)= (G,B). 
(4) If (F,A)C(G,B)C(H,C), then 


Tr(e;)(£j) < TG(e;) (x5) < Ti(e,) (£5); 

Tre, (£5) < Tece:) (25) < Tere; (25), 

Fre; (23) = Fare) (25) = Fue: (£3) 
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for all i =1,2,...m and j=1,2,...n. 
Then we have the following inequalites : 


ITr(e:)(%5j) — Tare: (%5)| < |Tr(e:) (23) — Trex) (25)|, 

[Te(e:) (25) — Tr(e:)(25)| < |Tr(e:)(@5) — Tre:) (£5), 

[Lr(e;) (23) — Lace: (%5)| < Lrte:) (25) — Lace) (25), 

Fe(e.)(@5) — Lae, (25) < [Lr (es (25) — Laces) (25), 

Fre: ("5) — Fete: (@s)| < [Free (3) — Fue: (#5), 

|Face:)(@3) — Fre:)(3)| < |Frce:)(@3) — Fae) (23)|- 
Thus 

C'S;,((F, A), (H,C))) < CSx((F, A), (G, B))) 

and 


for k = 1,2, since cosine function is a decreasing function within the interval [o. | : 


Definition 3.3. Let U= {1, 229,....... Xn} be the universal set of elements and E 
= {€1, €2,..... €m} be the universal set of parameters and (F,A) and (G,B) be two 
neutrosophic soft sets over U. Now we consider the weights w,; of x;(j=1,2,...n) 
then the weighted cosine similarity measures between (F,A) and (G,B) is defined as 
oe WOLF, A),(G, B)) 


maa on >> s WjCOs E (TF (e;) (25) Ta(e;)(@4)|) V (Lr (e,) (#3) = Te(e;)(%3)|)V 


OL Pies Cee) _ Fove:)(£;)|)] ’ 
WCS2((F, A), (G, B)) 


SY wjeos [F (Perey (es) — Taces (#s)1) + (leven)(03) — Laren (e+ 


(|Frce,) (25) _ Foe.) (£5)|)] 


where Wj Ee (0, 1], j=l 2yan and > Wj = 1. 
j=l 


1 
In particular if we take w; = —, j=1,2,3....n, then 
n 


WCS,((F, A), (G, B)) = CS ((F, A), (G,B)), 


k=1, 2. 
Definition 3.4. Let U= {21, 29,....... Ln} be the universal set of elements and E 
= {€1,€2, €m} be the universal set of parameters,and (F,A) and (G,B) be two 


interval valued neutrosophic soft sets over U. Then the cosine similarity measures 
between (F,A) and (G.B) is defined as 
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Q 
x 
& 
& 
Q 


)) 
(Zee) (#9) — Lace, (#51) V (Le(ei) (#3) — Lares) (@a)I)V 


F(e;) (£5) ~ Fee) (*5)I) + (IP r(e,) (5) — Tee (as)I)V 
— Tace:)(es)l) V (Fr r(e:) (23) — Fee (#9)I)))- 


B 
T 
4 


I 
Ms 
Ms 

ie) 
° 
WD 


Il 
an 


ESS, 
Sue 
ae 
= 


= SY cos [E ((ILp(e. (03) — Fees (#9)1) + (Lece,)(#i) — Lees (@s))+ 


( Ere.) (3) — Fee, (45) I) + (Pre (ey) — Teorey 3) + 


(Lee: (#3) — Tae (@s)I) + (F rte) (tz) — Fate (#5)1))] 
where the symbol V is the maximum operation. The cosine similarity measures 
CS; ((F, A), (G, B)), k = 3, 4 satisfy the following properties. 


Proposition 3.5. Let U= {21,%,....... Xn} be the universal set of elements and E 
= {€1, €2, 00 €m} be the universal set of parameters. Then for two interval val- 
ued neutrosophic soft sets (F,A) and (G,B) over U the cosine similarity measure 
ae A), (G, B)) (k=8,4)should satisfy the following properties (1)-(4). 

0 ) C8x((F, A), (G, B)) = 1 if and only if (F,A)=(G,B). 

(3) C'S:((F; A), (G, B)) = CS ((G, B)(F, A)). 

(4) If (H, C) is a interval valued neutrosophic soft set over U and 
(F,A)C(G,B)C(H,C), then 
and 


Proof. (1) Since the truth membership degree, indeterminacy- membership degreee 
and falsity- membership degree in neutrosophic set and the value of cosine function 
are within [0,1], the similarity measure based on cosine function is also within [0,1]. 
Then 0 < C'S;((F, A), (G, B)) <1 for k = 3, 4. 

(2) For any two interval valued neutrosophic soft sets, (F,A) = (G,B) implies 


Tre:)(j) = Tare) (3), Tre, (3) = Tare.) (23), Frei) (23) = Fave;) (5) 
for all i =1,2,...m and j=1,2,...n. Then 
IT r(e,)(%3) — Lee, (ta) = |Lee,) (#3) — Lere,) (@)| = [Er(e,) (@3) — Lace, (27)| = 0 
and 
IT r(e,) (2s) — Tee) (29)| = rey (t3) — Tee @a)l = [Frey (es) — Fete, (@;)| = 0. 


Thus C'S; ((F, A), (G, B)) =1 for k =8, 4. 
Conversely if CS;,((F, A), (G, B)) =1 for k =3, 4, then, since cos(0)=1, 


Z(e,) (45) — Le(e,) (t3)| = 9, 
FP r(e,) (43) — Faye,)(x5)| = 9, 
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[Prey (83) — Tere (@7)| = Lee) (42) — Teten(es)| = |F rte) (@3) — Fete) (@s)| = 0. 
Then these equalities indicate 
Tre, (£3) = Tae, (#5), Tre, (25) = Tere.) (25), Fre, (%j) = Faye, (23) 


for all i =1,2,...m and j=1,2,...n. Thus (F,A)= (G,B). 
(3) Clearly C'S;((F, A), (G, B)) = CS;,((G, B)(F, A)). 
(4) If (F,A)C(G,B)C(H,C), then 


IZ m(e,) (25) = DG (e,) (25) < LD ye,) (25) Dre, (ta); 
Zee, (%7) — Lye, (%5)| S$ (Lrce, (43) — Lae.) (5)|; 
IT re, (#3) — Tare) (@3)| < [Prey (es) — Tae (es), 
IT a(e:) (5) — THe, (25)| < [Tre (@3) — THe: (2s), 
IZ re,)(%3) — Lee, (23)| S |Lrce,) (3) -— Lae, (Za), 
\Za¢e,) (t5) — Lace, (@5)| S |Le ce, (85) — Lice, (£5); 
Fre, (3) — Tecey(@3)| S Trteg (@3) — Ten (ey) I, 
[Zave:) (23) — Lice:)(@5)| S Pere: (23) — Tex) (29), 
IF re, (ti) — Face, (&5)| < |Brce,) (3) — Lave, (25)I, 
Foye) (@5) — Faye, (2a) < |Erce,) (ts) — Baye, (zs), 
IF r(e:) (23) — Fare: (asl < |Fr(e) (t3) — Fre.) (24)|, 
Face:) (23) — Puce: (9) < [Frey (#3) — Fue) (es) I- 
Thus 
C'Sk((F, A), (H,C)) < CS: ((F, A), (G, B)) 
and 
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ee 
for k = 3,4, since cosine function is a decreasing function within the interval [o. Pile 


Definition 3.6. Let U= {1, 22,....... Xn} be the universal set of elements and E 
= {€1,€2, €m} be the universal set of parameters,and (F,A) and (G,B) be two 
interval valued neutrosophic soft sets over U. Then the weighted cosine similarity 
measures between (F',A) and (G.B) is defined as 
CS9((F, A), (G, B)) 
oe > S w Cos E (Zp (e,) (#3) — Lace: (ta) V (Lee, (3) — Lee, (@5)I)V 
au j=l 
(Ere) (2 5) ~ Fee, (s))) + (Pr(e) (#5) ~ Tae: (@s)I)V 
(lL re,) (25) _ Toye, (25)]) Vv (IF F(e,) (#4) _ Fee, (25)l))], 
CS4((F, A), (G, B)) 


= = SS woos [F (Levey (ts) ~ Loge (@s)0) + (econ #3) ~ Lote (I+ 
(Exe) — Eaten (t)I) + (Prte.)(09) — Fore, (as)))+ 
(Tr(ey (3) ~ Tate)(@y))) + (Feces) — Fore (aI) 

where w; € [0,1], j=1,2,..n and 57 w; = 


j=l 
In particular if we take w; = ! oe j=1,2,3....n, then 


4. APPLICATION OF COSINE SIMILARITY MEASURE OF NEUTRISOPHIC SOFT SET 


Example 4.1. Consider areas of a state are affected by flood. A team of three mem- 
bers U = {m ,,m2,m3} from Rehabilitation department inspect the flood affected 
areas and the relief measures recommended by them are described by the parame- 
ter set FE = {e1,€2,€3,e4} where e; = relief for crop loss, e2 = relief for ecological 
damage, e3 = relief for livestock and e, = provision for alternate livelihood.Based 
on these recommendations the government has to allocate funds according to the 
level of damage. Algorithm: 

Step 1: An interval valued neutrosophic soft set (F,A)over U is constructed based 
on previous records of relief measures in similar situation. 

Step 2: An interval valued neutrosophic soft set (G,B) over U based on the 
recommendations of the team visiting Area I is constructed. 

Step 3: Cosine similarity measures between (F,A)and (G,B) is calculated. 

Step 4: An interval valued neutrosophic soft set (H,C) over U based on the 
recommendations of the team visiting Area II is constructed. 

Step 5: Cosine similarity measures between (F,A)and (H,C) is calculated. 

Step 6: Estimate result by using the similarity value. An interval valued (F,A) 
over U with A = E based on the previous records of relief measures in similar situ- 
ation is given by. 

(F,A)= 

{F(e1)(m1) = (0.6, 0.7], [0.3, 0.4], (0.2, 0.3]), F(e2)(m1) = ([0.4, 0.5], [0.3, 0.4], [0.2, 0.3]), 

F(e3)(m1) = ([0.5, 0.6], [0.4, 0.5], [0.1, 0.2]), F(e4)(m1) = ((0.5, 0.6}, [0.2, 0.3], [0.3, 0.4]), 
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F(e1)(m2) = ([0.5, 0.6], [0.3, 0.4], [0.2, 0.3]), F'(e2)(ma) = ([0.4 ’ 0.5], [0.2 ’ 0.3), [0.5 ) 0.6]), 
F(e3)(ma) = ([0.5, 0.6], [0.1, 0.2], [0.3, 0.4]), F'(e4)(ma) = ({0.5 ’ 0.6], [0.3 ’ 0.5), [0.4 ) 0.5]), 
F(e1)(m3) = ((0.7, 0.8], [0.4, 0.5], [0.2, 0.3]), F(e2)(ms3) = ((0.5, 0. 6), (0.3, 0.4], [0.2, 0. 3), 
F(e3)(m3) = ({0.6, 0.7], [0.4, 0.5], [0.3, 0.4]), F(e4)(ms3) = ([0.6, 0.7], [0.2, 0.3], [0.4, 0.5])}. 
An interval valued (G,B) over U with B = E based on recommen nations of the ex- 
pert team visiting Area I. 

(G,B)= 

{G(e1)(m1) = ([0.6, 0.7], [0.5, 0.6], [0.4, 0.5]), G(e2)(mi) = ([0.3, 0.4], [0.5, 0.6], [0.4, 0.5}), 
G(e3)(m1) = ([0.3, 0.4], [0.4, 0.5], [0.5, 0.6]), G(ea) (m1) = (0.2, 0.3], [0.3, 0.4], [0.5, 0.6]), 
G(e1) (m2) = ([0.8, 0.9], [0.4, 0.5], [0.2, 0.3]), G(e2)(mez) = (0.5, 0.6], [0.1, 0.2], [0.3, 0.4]), 
G(e3)(mg) = ([0.5, 0.6], [0.1, 0.2], [0.2, 0.3]), G(e4) (me) = ([0.3, 0.4], (0.3, 0.4], [0.2, 0.3]), 
G(e1)(m3) = ([0.5, 0.6], [0.4, 0.5], [0.3, 0.4]), G(e2)(msg) = (0.4, 0.5], [0.2, 0.3], [0.5, 0.6]), 
G(e3)(ms3) = ([0.2, 0.3], [0.4, 0.5], [0.4, 0.5]), G(e4) (m3) = (0.2, 0.3], [0.5, 0.6], [0.3, 0.4]) }. 
An interval valued (H,C) over U with C= E based on recommendations of the expert 
team visiting Area II. 

(H,C)= 

{H(e1)(m1) = (0.4, 0.5], [0.2, 0.3], [0.1, 0.2]), H(e2)(m1) = ([0.3, 0.4], [0.2, 0.3], (0.1, 0.2]), 
H(e3)(mz1) = (0.6, 0.7], [0.2, 0.3], [0.1, 0.2]), H(e4)(m1) = ([0.1, 0.2], [0.3, 0.4], [0.6, 0.7]), 
H(e1)(m2) = ({0.4, 0.5], [0.2, 0.3], [0.5, 0.6]), H(e2)(mz2) = ([0.2, 0.3], [0.3, 0.4], [0.4, 0.5)), 
H(e3)(mz) = ([0.1, 0.2], [0.5, 0.6], (0.4, 0.5]), H(e4)(me2) = (0.5, 0.6], [0.3, 0.4], (0.1, 0.2]), 
H(e1)(mg3) = (0.2, 0.3], [0.4, 0.5], [0.3, 0.4]), H(e2)(m3) = ([0.1, 0.2], [0.3, 0.4], [0.4, 0.5)), 
H(e3)(mg3) = (0.2, 0.3], [0.4, 0.5], [0.4, 0.5]), H(e4)(ms3) = ([0.3, 0.4], [0.5, 0.6], [0.6, 0.7]) } 


Using Definition 3.4, we get 


CS3((F, A), (G, B))= 0.904 
and 
C'S3((F, A), (H, C))= 0.871. 


We have C'S3((F,A),(G, B)) > C'S3((F, A), (H,C)). Hence we conclude that Area 
I is severely affected by flood. 
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